In this paper we present sufficient conditions for the controllability of the reduced dynamics of a class of mechanical systems with symmetry. We prove conditions (boundedness of coadjoint orbits and existence of a radially unbounded Lyapunov function) under which the drift vector field (of the reduced system) is weakly positively Poisson stable (WPPS). The WPPS nature of the drift vector field along with the Lie algebra rank condition is used to show controllability of the reduced system. We discuss the dynamics, Lie-Poisson reduction, and controllability of hovercraft and underwater vehicles, all treated as rigid bodies.
Introduction
A geometric approach to the study of mechanical systems has had a profound influence in recent years on our understanding of dynamics and control aspects. Playing an essential role in this are recent developments in reduction theory (cf. [l] ), i.e. the exploitation of invariance of the controlled dynamics to a group of transformations (the symmetry group). The existence of a symmetry group permits dropping of the dynamics to a lower dimensional (reduced) space. Lagrangian reduction involves dropping the Euler-Lagrange equations to the quotient of the velocity phase space given by the symmetry group while Hamiltonian reduction involves projecting the Poisson bracket to the reduced (quotient) space which also inherits a Poisson structure (attributed to Lie and BerezinKirillov-Kostant-Souriau, see the work of Weinstein for historical remarks [2] ). In particular, if the configuration space of the system can be identified with a Lie group G , a left invariant Hamiltonian on T*G gives rise to reduced dynamics on T * G / G which is isomorphic to 4* the dual of the Lie algebra of G. The reduced bracket is now the Lie-Poisson bracket. The complete dynamics can then be reconstructed from the reduced system.
The state space of a large class of mechanical systems such as hovercraft, spacecraft underwater vehicle etc. can be identified with a Lie group G. The dynamics (defined on T*G) of these systems subject to external forces can often be written in the form of a control system as In this paper we present sufficient conditions for controllability of affine nonlinear control systems of the form (2) where the drift vector field is a Lie-Poisson reduced Hamiltonian vector field. We show that depending on the existence of a radially unbounded Lyapunov type function, the drift vector field (of the reduced system (2)) is weakly positively Poisson stable (WPPS). The WPPS nature of the drift vector field along with the Lie algebra rank condition is used to show controllability of the reduced system. Our result gives a manageable tool to check for controllability of a wide class of mechanical systems with symmetry.
The paper is organized as follows. In section 2 we present a brief overview of Lie-Poisson reduction. In section 3 we present our main result on controllability of reduced dynamics. In section 4 we discuss in some detail, the dynamics, and reduced space controllability of the hovercraft and the underwater vehicle. Conclusions and future work are discussed in section 5.
Lie-Poisson Reduction
Recall (cf. [l, 
{ F , H } -( p )
As flows of (5) remain on coadjoint orbits on which they started, the geometry of coadjoint orbits plays an important role in understanding the dynamics of the LiePoisson reduced equations.
Poisson Stability and Controllability
Consider an affine nonlinear control system 
2=1
Assume II: E M c Rn, where M is a smooth manifold. Let
C, the accessibility Lie algebra, is the smallest subalgebra of the Lie algebra of vector fields on M that contains f , 91, . .. , gm. The system is said to satisfy the accessibility
We know that if (6) satisfies the Lie algebra rank condition (LARC) then it is locally accessible, and in addition iff = 0 then LARC implies that the system is controllable. While the kinematic equations of motion can often be written as a drift free system, once dynamics are included LARC does not imply controllability. Proving controllability is usually much harder than proving accessibility. In [4] sufficient conditions are given, in terms of a "group action", that a locally accessible system is also locally reachable. In 
{p,E}-(+) is WPPS.

Here
Examples
In this section we discuss the controllability of the reduced dynamics of hovercraft, spacecraft and underwater vehicles. These systems satisfy hypotheses of theorem 3.
Hovercraft -Planar Rigid Body with a Thruster
We identify the position and orientation of the planar rigid body, with a thruster that exerts a force that does Here 0 denotes the body angular.momentum, I the moment of inertia m the mass, P I , P2 are the convected linear momentum and II is the body angular momentum. Hence
Hamiltonian dynamics on T*SE(2) (which is also left invariant under the action of SE (2)) can be reduced to a Hamiltonian system on se(2)*. Assume that the line of action of the force is fixed (i.e. 4 is fixed) but its direction can be reversed. Let ( P I , P2,I-I) E se(2)". Projecting the external force appropriately on se(2)* (see [lo] for a complete description of the reduction procedure), written as a control system the reduced dynamics on se(2)* are given by
(9-4 where cy = cosq!J,P = sin4 and U E [l, -11. We refer to (9) as the Jet-Puck dynamics.
Proposition 1
The jet-puck dynamics (9) 
where f = (P211/I,-P111/I,0)T and g = (cy,P,dp)T.
Hence dim(spanllf,,))(p) = 3 Vp E se(2)* as long as P = sin $ # 0, i.e. as long as the line of action of the force 21n the rest of the discussion an element of S E ( n ) , n = 2 , 3 is given by the pair ( R , r ) where R E SO(n) and r E IRn is a vector from the origin of the inertial frame to the origin of the body frame. unbounded and is such that = 0, along trajectories of (9) . Hence it follows from theorem 3 that f is WPPS and hence from theorem 2 we conclude that the jet-puck
In fact one observes that every orbit of f is periodic and hence trivially Poisson stable. Remark: Observe that the coadjoint orbits in se(2)* are
const} are ellipsoids. From theorem 3 the integral curves of the the vector field -+ aq -+ ap2 are restricted to the set S = DnOrb(.), which in this case is simply S1 (see Fig. (2) ).
In [lo] we show that the complete (unreduced) system, defined on T*G is locally strongly accessible. To investigate small time local controllability of the dynamics recall 
Autonomous Underwater Vehicle
In this section we discuss the controllability of the reduced dynamics for a neutrally buoyant underwater vehicle (UV), subject to control torques and forces, with noncoincident centers of buoyancy and g r a~i t y .~ We assume that the underwater vehicle is submerged in an infinitely large volume of incompressible, inviscid, irrotational fluid which is at rest at infinity (c.f. [15, 16, 171) . We identify the position and orientation of the underwater vehicle with an element of SE (3) . Observe that the Lagrangian and C we refer the reader to [17] . Hence the Hamiltonian system on T*SE(3) (which is also left invariant under the action of SE (2) x IR) can be reduced to a Hamiltonian system on S*, the dual of the Lie algebra of the semidirect product S = SE(3) x p IR3 (see [17] ). Proof: Choose V(II, P, I?) = g(II, P, r)+rTr. Observing that V is radially unbounded and that V = 0 along trajectories of (10) the result follows from theorem 3.
Remark : In the case of coincident center of gravity and center of buoyancy the Hamiltonian system on T"SE (3) is left invariant under the SE(3) action of rotations and translations, and we can derive a set of reduced Lie- dim(spanl~f,,,,,,,,,) )(p) = 6 , Vp E se(3)*, and that f is WPPS the result follows from theorem 2.
stabilize the origin of the reduced system, the use of periodic controls to generate loops in the base space, and thereby steer in the fiber.
